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In this paper, we first study the Lifshitz-dilaton holographic superconductors with nonlinear
Born-Infeld (BI) gauge field and obtain the critical temperature of the system for different values
of Lifshitz dynamical exponent, z, and nonlinear parameter b. We find that for fixed value of b,
the critical temperature decreases with increasing z. This indicates that the increase of anisotropy
between space and time prevents the phase transition. Also, for fixed value of z, the critical tem-
perature decrease with increasing b. Then, we investigate the optical properties of (2 + 1) and
(3+1)-dimensional BI-Lifshitz holographic superconductors in the the presence of dilaton field. We
explore the refractive index of the system. For z = 1 and (2+1)-dimensional holographic supercon-
ductor, we observe negative real part for permittivity Re[ǫ] as frequency ω decreases. Thus, in low
frequency region our superconductor exhibit metamaterial property. This behavior is independent
of the nonlinear parameter and can be seen for either linear (b = 0) and nonlinear (b 6= 0) electro-
dynamics. Interestingly, for (3 + 1)-dimensional Lifshitz-dilaton holographic superconductors, we
observe metamaterial behavior neither in the presence of linear nor nonlinear electrodynamics.
I. INTRODUCTION
The correspondence between gauge fields living on the boundary of a spacetime and the gravity in the bulk, called
gauge/gravity duality, provides a powerful tool for studying the strongly coupled systems in quantum field theory [1, 2].
According to this dictionary, one can effectively calculate correlation functions in a strongly interacting field theory
by using a dual classical gravity description. A new application of this duality, called holographic superconductor,
was recently proposed in order to shed light on the understanding the mechanism governing the high-temperature
superconductors in condensed-matter physics [3]. In [3–5], by including the Abelian Higgs model within the AdS
black hole spacetime, holographic superconductors have been built. Decreasing the Hawking temperature to a critical
value, the black hole exhibits unstability against small perturbations and by condensing some field, grows hair to
make the system stable. This process can be adjudged as the holographic description of the superconducting phase
transition. The (asymptotically) AdS black hole spacetime is taken as the starting point for this kind of building
for holographic superconductors. The studies on the holographic superconductor have got a lot of attentions (see
for example [6–31] and references therein). When the gauge field is in the form of nonlinear BI electrodynamics, the
holographic superconductors have been explored in [32–41]. It was argued that the nonlinear parameter decrease the
critical temperature of the superconductor and make the condensation harder, while the critical exponent associated
with the condensation near the critical temperature has still the universal value 1/2 of the mean field theory [32–39].
On the other hand, since in condensed matter physics a dynamical exponent appears near the critical point, the
studies on Lifshitz spacetimes have attained a lot of interests. It was shown that the near critical point dynamics of
such systems can be described by a relativistic conformal field theory or a more subtle scaling theory respecting the
Lifshitz symmetry t→ λzt, ~x→ λ~x [42]. Various aspects of Lifshitz spacetimes have been explored in the literature
[43–57]. The holographic superconductors were also extended to the context of Lifshitz black holes [58, 59]. It has
been argued that despite quite different behaviors of asymptotically AdS and Lifshitz geometries as a result of existing
dynamical exponent, the holographic Lifshitz superconductors basically behave the same qualitatively as AdS ones
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2[60]. Effects of dynamical exponent z on the holographic Lifshitz superconductor models have been disclosed both
numerically and analytically in [61]. Holographic superconducting phase transitions of a system dual to Yang-Mills
field coupled to an axion as probes of black hole with arbitrary Lifshitz scaling have been studied with px + ipy
condensate [62]. The properties of the Weyl holographic superconductor in the Lifshitz black hole background were
explored in [63]. It was shown that the critical temperature of the Weyl superconductor decreases with increasing
Lifshitz dynamical exponent, z, indicating that condensation becomes difficult [63]. Analytical study on the properties
of the s-wave holographic superconductor in the presence of Exponential nonlinear electrodynamics in the Lifshitz
black hole background in four-dimensions has been done in [64].
It is also interesting to investigate the optical properties of holographic superconductors[65–69]. It has been argued
that no negative refractive index is seen for Lifshitz-dilaton-Maxwell holographic (2+1)-dimensional superconductors
in probe limit [67]. Here, we re-investigate this case and show that one could find negative index of refraction albeit
just for Lifshitz exponent z = 1. We also extend the study of [67] in probe limit to (3+1)-dimensional Lifshitz-dilaton
superconductors as well as nonlinear BI electrodynamics. We show that one could observe negative refractive index
for nonlinearly charged (2 + 1)-dimensional superconductors just with z = 1 whereas no such effect is occurred for
(3 + 1)-dimensional Lifshitz-dilaton superconductors neither in the presence of linear nor nonlinear electrodynamics
for any z. The latter result is in agreement with the conclusions of [65] and [66] in AdS case and further reveal that
neither Lifshitz scaling nor presence of nonlinear electrodynamics help (3+1)-dimensional Lifshitz-dilaton holographic
superconductors to exhibit negative refraction phenomenon.
This paper is organized as follows. In section II, we describe the holographic superconductors in Lifshitz-dilaton
setup and in the probe limit, when the gauge field is in the form of BI nonlinear electrodynamics. In section III,
we investigate the optical properties of BI-dilaton-Lifshitz holographic superconductors. In particular, we shall study
the behavior of refractive index for our holographic superconductors. The last section is devoted to summary and
conclusions.
II. HOLOGRAPHIC SETUP OF BI-DILATON-LIFSHITZ SUPERCONDUCTORS
In this section, we will present the holographic setup for dilaton-Lifshitz superconductors in the presence of BI
electrodynamics. The D-dimensional metric which is invariant under the dynamical scaling t → λzt, ~x → λ~x where
z is dynamical critical exponent is given by [42]
ds2 = L2
(
−r2zdt2 + r2d~x2 + dr
2
r2
)
, (1)
where d~x2 =
∑d
i=1 dx
2
i , D = d+2 and 0 < r <∞. The AdS d+2 can be recovered by setting z = 1 in metric (1). (1)
is a solution of the action [70]
S =
1
16πGd+2
∫
dd+2
√−g
(
R− 2Λ− 1
2
(∂ϕ)
2 − 1
4
eλϕHµνH
µν
)
, (2)
where R is the Ricci scalar, Λ is the cosmological constant, ϕ is dilaton scalar field and Hµν = ∂[µBν] where Bν is a
gauge potential, provided
Hrt =
√
2 (z − 1) (z + d)Lrz+d−1, eλϕ = r−2d,
Λ = − (z + d− 1)(z + d)
2L2
, λ =
√
2d
z − 1 . (3)
The finite temperature generalization of metric (1) which is an asymptotic Lifshitz black hole is [70]
ds2 = L2
(
−r2zf (r) dt2 + 1
r2f (r)
dr2 + r2d~x2
)
, (4)
where
f (r) = 1− r
z+d
+
rz+d
, (5)
where r+ is the black hole horizon. The Hawking temperature of this black hole is
T =
(z + d)rz+
4π
. (6)
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FIG. 1: The behavior of 〈O〉1/ν /ρ1/d vs. T/Tc for the case d = 2 and z = 2 where ν = 2 with b = 0, 0.3 and 0.6.
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FIG. 2: The behavior of 〈O〉1/ν /ρ1/d vs. T/Tc for the case d = 3 and z = 2 where ν = 3 with b = 0, 0.15 and 0.3.
Here, we intend to build a Lifshitz holographic superconductor in the presence of BI electrodynamics in probe limit.
Therefore, we consider the following Lagrangian density for electrodynamics and scalar field
Lm = LBI − |∇µψ − iqAµψ|2 −m2ψ2, (7)
where ψ is a charged complex scalar field, Aµ is gauge field and q and m are the charge and the mass of the scalar
field respectively. LBI is Lagrangian density of the BI electrodynamics
LBI = 1
b2
(
1−
√
1 +
b2FµνFµν
2
)
, (8)
where Fµν = ∂[µAν] is the electrodynamic tensor and b is the BI nonlinear parameter.In the limit b→ 0, (8) reduces
to the linear Maxwell case. We choose the ansatz [3]
ψ = ψ (r) , Aµdx
µ = φ (r) dt. (9)
Varying (7), the equations of motion for the complex scalar field ψ (r) and the electric potential φ(r) in the background
(4) are
ψ′′ +
(
d+ z + 1
r
+
f ′
f
)
ψ′ +
q2φ2
r2z+2f2
ψ − m
2L2
r2f
ψ = 0, (10)
and
φ′′ +
d− z + 1
r
φ′ − 2q
2L2ψ2φ
r2f
√
1− b
2φ′2
L4r2z−2
(
1− b
2
L4r2(z−1)
φ′2
)
− b
2d
L4r2z−1
φ′3 = 0,
(11)
where prime stands for derivative with respect to r. It is difficult to find the analytical solutions to these nonlinear
equations. However, they are reachable numerically. In order to solve the above two equations numerically, we specify
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FIG. 3: The behavior of 〈O〉1/ν /ρ1/d vs. T/Tc for the case d = 3 and z = 3 where ν = 3 with b = 0, 0.15 and 0.3.
TABLE I: The values of critical temperature for different z and b.
b = 0 b = 0.3 b = 0.6
d z ν Tc/ρ
z/d d z ν Tc/ρ
z/d d z ν Tc/ρ
z/d
2 1 2 0.1184 2 1 2 0.1023 2 1 2 0.0662
2 2 2 0.0678 2 2 2 0.0475 2 2 2 0.0188
3 1 2 0.2526 3 1 2 0.2336 3 1 2 0.1914
3 1 3 0.1980 3 1 3 0.1331 3 1 3 0.0395
3 2 3 0.0871 3 2 3 0.0295 3 2 3 0.0008
3 3 3 0.0452 3 3 3 0.0094 3 3 3 0.0004
the boundary conditions for ψ and φ near the horizon of black hole r = r+ and in the spatial infinity r→∞. In order
to satisfy the regularity condition at the horizon we demand φ(r+) = 0. Also, ψ(r+) should be regular at horizon. At
the boundary r →∞, the complex scalar field ψ and the scalar potential φ behave as
ψ(r) =


(
ψ(2) + ψ(1) ln ξr
)
r−ν + · · · , for ν = ν+ = ν−,
ψ(1)r−ν− + ψ(2)r−ν+ + · · · , other cases,
(12)
where
ν± =
z + d±
√
(z + d)2 + 4L2m2
2
,
and
φ(r) =


µ− ρrz−d + · · · , for z < d,
µ− ρ ln ξr + · · · , for z = d,
(13)
where ψ(1), ψ(2), µ, ρ and ξ are constants. According to gauge/gravity duality dictionary, ψ(1) and ψ(2) correspond
to the vacuum expectation value of the dual operator O dual to the scalar field and µ and ρ are chemical potential
and charge density of dual field theory respectively. We impose ψ(1) equals zero in order to make the superconducting
phase transition a spontaneous breaking of symmetry [61]. Explicitly the modified BF bound for the scalar mass is
m2 > −(z + d)2/4. Throughout this paper when we discuss the black hole backgrounds we assume that ρ is fixed.
Also ν denotes ν+. For our numerical calculations we focus on the cases z = 2 in d = 2 and z = 2, 3 in d = 3 for
different values of the parameter b. In our numerical calculations, we fix the dimension ν, in order to see the influence
of the dynamical critical exponent z and nonlinear parameter b. Figs. 1, 2 and 3 are depicted for the condensation
as a function of temperature for various z and b. It is seen from the figures that the condensation decreases as the
parameter z increases. In table I, we show the values of Tc/ρ
z/d for the cases z = 2 and z = 3 with fixed ν’s. As it
is seen from the table I, for each case as we increase z, the critical temperature decreases, showing that the increase
of anisotropy between space and time prevents the phase transition. This can be explained as follows. As it is seen
from equation (10) as the dynamical critical exponent z increases, the effective mass of the scalar field increases near
the horizon. This causes a lower critical temperature as z is increased [61].
5III. OPTICAL PROPERTIES OF BI-DILATON-LIFSHITZ HOLOGRAPHIC SUPERCONDUCTORS
Here, we will investigate the optical properties of BI-dilaton-Lifshitz holographic superconductors. Specially, we
will study the behavior of refractive index (focusing on the negativity of it) for our holographic superconductors. In
order to do this, we will study the behavior of Depine-Lakhtakia (DL) index [71]
nDL = |ǫ|Re[µ] + |µ|Re[ǫ], (14)
where ǫ is the permittivity and µ is effective permeability. The negativity of DL index shows that the phase velocity
and energy flow are in opposite directions in the medium. It implies that the refractive index of the system is
negative. It is clear from Eq. (14) that in order to compute DL index we need to obtain ǫ and µ. To determine ǫ
and µ corresponding to the superconductor, we apply an external electric field by turning on Aj = Aj (r) e
−iωt+iKkxk
where j and k stand for two directions which are perpendicular to each other e.g. x and y, ω is the frequency and
Kk is the momentum. From now on, we replace Aj with A and Kk with K for abbreviation. Since we are in probe
limit, the equation of motion for A is decoupled from other ones and reads
A′′+
(
d+ z − 1
r
+
f ′
f
− db
2
L4r2z−1
φ′2
)
A′+
(
ω2
r2(z+1)f2
− K
2
r4f
)
A− 2L
2q2ψ2
r2f
√
1− b
2φ′2
L4r2z−2
(
A− b
2φφ′
L4r2(z−1)
A′
)
= 0.
(15)
We restrict our study here to d = 2 and 3 dimensions. The behavior of A as r goes to infinity is then
lim
r→∞
A =


A0 +A1r
−z + · · · , d = 2,
A0 +A1r
−z−1 + · · · , d = 3 (z 6= 1),
A0
(
1 + 12ω
2r−2 ln ξr
)
+A1r
−2 + · · · , d = 3 (z = 1).
(16)
Also, A behaves as f−iω/4piT near the horizon (by employing the ingoing wave boundary condition near the horizon).
According to gauge/gravity duality dictionary, one could holographically interpret A0 and A1 as dual source and the
expectation value of boundary current. Therefore, the current-current (Jj − Jj) correlator Gjj (the response to A)
has a relation Gjj = A1/A0 [72]. On the other hand, ǫ and µ has relation with Gjj so that [73]
ǫ (ω) = 1 + 4πω−2C2G0jj (ω) , (17)
µ (ω) =
[
1− 4πC2G2jj (ω)
]−1
, (18)
where C is the electromagnetic coupling constant (which we set it to unity in our calculations) and G0jj (ω) and G
2
jj (ω)
come from casting the K-dependent Gjj [74]
Gjj (ω,K) = G
0
jj (ω) +K
2G2jj (ω) + · · · . (19)
To find the relation between G0jj and G
2
jj with A0 and A1, we expand A in powers of K in the same way as Gjj :
A (r) = A0 (r) +K2A2 (r) + · · · . (20)
Then, the corresponding field equations come from Eq. (15) are
A0′′+
(
d+ z − 1
r
+
f ′
f
− db
2
L4r2z−1
φ′2
)
A0′+
ω2
r2(z+1)f2
A0− 2L
2q2ψ2
r2f
√
1− b
2φ′2
L4r2z−2
(
A0 − b
2φφ′
L4r2(z−1)
A0′
)
= 0, (21)
and
A2′′+
(
d+ z − 1
r
+
f ′
f
− db
2
L4r2z−1
φ′2
)
A2′+
ω2
r2(z+1)f2
A2− 2L
2q2ψ2
r2f
√
1− b
2φ′2
L4r2z−2
(
A2 − b
2φφ′
L4r2(z−1)
A2′
)
− A
0
r4f
= 0.
(22)
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FIG. 4: The behaviors of ǫ as a function of ω/T for d = 2, z = 1 at T = 0.7Tc.
The behaviors of A0 and A2 as r →∞ are the same as A in Eq. (16). Finally, we have
G0jj =


zA01
A0
0
, d = 2,
(z+1)A01
A0
0
, d = 3 (z 6= 1),
A01
A0
0
+ cω2, d = 3 (z = 1),
(23)
and
G2jj =


zA01
A0
0
(
A21
A0
1
− A20
A0
0
)
, d = 2,
(z+1)A01
A0
0
(
A21
A0
1
− A20
A0
0
)
, d = 3 (z 6= 1),
A01
A0
0
(
A21
A0
1
− A20
A0
0
)
− c, d = 3 (z = 1),
(24)
where c could be fixed so that G0jj vanishes at large frequencies where the variation of external field is too rapid to be
responded by the system. Now, we can solve Eqs. (21) and (22) numerically to find G0jj and G
2
jj . Then, we compute
the permittivity ǫ and effective permeability µ. Eventually, using ǫ and µ, we can calculate DL index nDL via Eq.
(14).
A. Numerical results
Here, we present the optical properties of (2+1)- and (3+1)-dimensional Lifshitz-dilaton holographic superconduc-
tors numerically. We start with study the behavior of permittivity ǫ and effective permeability µ for (2+1)-dimensional
superconductors with respect to frequency ω. To ensure we are in superconducting phase, we fix the temperature T
to 0.7Tc. As Fig. 4(a) shows, for z = 1, we observe negative real part for permittivity Re[ǫ] as ω decreases. Therefore,
in low frequency region our superconductor exhibit metamaterial property. This fact is held both in the presence of
linear (b = 0) and nonlinear (b 6= 0) electrodynamics. As it is clear from Fig. 4(a), the frequency at which ǫ changes
the sign is larger for larger values of b. The imaginary part of permittivity Im[ǫ] is positive for all frequencies and
has a pole as ω → 0 (see Fig. 4(b)). The behavior of effective permeability µ in terms of ω is depicted in Fig. 5. The
real part of it Re[µ] is always positive as Fig. 5(a) shows. However, the imaginary part of permeability Im[µ] exhibits
a seemingly odd behavior. As one can see in Fig. 5(b), it is negative for all frequencies. Actually, this happens for
all available probe limit analyses in literature. This behavior may be problematic, although µ is not an observable
[66, 68]. However, the issue of sign of Im[µ] is not yet a settled issue in literature [68, 75]. Including backreaction
could make Im[µ] positive [69].
Now, we turn to study the behavior of DL index nDL in terms of frequency. This behavior is shown in Figs. 6(a)
and 7(a) for T = 0.7Tc and 0.78Tc, respectively. Before going on further, it is necessary to give a comment on the
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FIG. 5: The behaviors of µ as a function of ω/T for d = 2, z = 1 at T = 0.7Tc.
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FIG. 6: The behaviors of nDL and B(ω)ω
2|n|2 as a function of ω/T for d = 2, z = 1 at T = 0.7Tc.
validity of our analysis. As we discussed in previous subsection, to calculate nDL, we use G
0
jj and G
2
jj which are
the coefficients of expansion of current-current correlator Gjj in terms of momentum K. Therefore, in order for the
series (19) to be restricted to the first two terms, the condition
∣∣K2G2jj/G0jj ∣∣≪ 1 has to be satisfied. By virtue of the
relation n2 = K2/ω2 = ǫµ, one could rewrite the latter condition as Bω2 |n|2 ≪ 1 where B =
∣∣G2jj/G0jj∣∣. We depict
Bω2 |n|2 in terms of frequency in Figs. 6(b) and 7(b). Figs. 6(a) and 7(a), in agreement with Fig. 4, show that in low
frequency regime our superconductor exhibits metamaterial property namely, nDL < 0
1 . In low frequency regime,
our analysis is valid (although not strictly 2) as Figs. 6(b) and 7(b) confirm. As the value of nonlinear parameter b
increases, the frequency at which the system goes from positive refraction phase to negative refraction phase increases
too. This fact is again in agreement with the result of Fig. 4. Comparing Figs. 6(a) and 7(a), one could find out that
by increasing the temperature in superconducting phase, the negative nDL tends more and more to zero and positive
values3 and finally the metamaterial behavior disappears. This fact occurs for the cases with smaller b sooner than
the larger b cases. Also, for a fixed b, the frequency at which nDL changes the sign decreases as temperature increases
(see Figs. 6(a) and 7(a)).
It is also interesting to investigate the dissipation effects. These effects could be obtained form the ratio Re[n]/Im[n]
which shows the propagation to dissipation ratio. The behavior of Re[n]/Im[n] in terms of frequency ω is depicted
in Fig. 8. In a part of negative refraction domain, actually near the zero frequency, this ratio tends to zero meaning
that the electromagnetic wave is virtually not propagated. This is not a desirable result, however, we would keep in
1 Since in our numerical studies Im[µ] < 0 (as all available probe limit studies), there are some possibilities for interpreting nDL < 0 case
[68]. This issue is not settled [66, 68, 75] and one could interpret this case as metamaterial.
2 This problem occurs in probe limit like the negativity of imaginary part of permeability µ discussed later. It might be overcome by
including backreaction effect. It is an interesting and important issue for future studies.
3 It could be interesting to mention that a qualitatively similar result has been reported in [76], albeit not for a superconductor.
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FIG. 7: The behaviors of nDL and B(ω)ω
2|n|2 as a function of ω/T for d = 2, z = 1 at T = 0.78Tc.
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FIG. 8: The behaviors of Re(n)/Im(n) as a function of ω/T for d = 2, z = 1 at T = 0.7Tc.
mind that we are in probe approximation. This problem as others mentioned before may be the result of probe limit
and like goes away by including the effects of backreaction [66]. In addition, unlike the real metamaterials the signs
of real and imaginary parts of n are the same. This also could likely be overcome if one works in backreacted regime.
To close this section, we point out here that for (2 + 1)-dimensional Lifshitz-dilaton holographic superconductors
we observed the metamaterial behavior just for z = 1 (the case we discussed above) both for linear and nonlinear
electrodynamics. Also, for (3+1)-dimensional Lifshitz-dilaton holographic superconductors, we observed metamaterial
behavior neither in the presence of linear nor nonlinear electrodynamics. Fig. 9 shows the behavior of nDL in terms
of ω in superconducting phase for d = 3 and z = 2 as an example. As one could see, nDL is always positive for this
case.
IV. SUMMARY AND CONCLUSIONS
The studies on the holographic superconductors theory have got a lot of attentions in the past years. This new
prescription of superconductor is based on the gauge/gravity duality which provides a powerful tool for investigation
the strongly coupled systems in quantum field theory. The motivation for such studying comes from the unsolved
problem in condensed-matter physics. Indeed, it was argued that holographic superconductor may shed light on the
problem of high temperature superconductors in condensed-matter physics [3–5].
In this paper, we have further continued the studies on the holographic superconductors, by considering the frame-
work of Lifshitz-dilaton black holes when the gauge field is in the form of nonlinear BI electrodynamics. We have
considered the probe limit in which the gauge and scalar fields do not affect on the background geometry. Due to the
complexity of the field equations, we determine the condensation value as well as the critical temperature by using
the numerical calculations. In numerical calculations, we studied the cases with the dynamical critical exponent z = 2
in d = 2 (where d + 2 is the spacetime dimensions) and z = 2, 3 with d = 3 for different values of the nonlinear
parameter b. We plotted the condensation as a function of the temperature for various z and b. We find out that
with increasing z, the condensation operator decreases. We also investigated the effects of z and b on the behavior of
the critical temperature. We observed that for fixed values of b, the critical temperature decreases with increasing z,
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FIG. 9: The behaviors of nDL and B(ω)ω
2|n|2 as a function of ω/T for d = 3, z = 2 at T = 0.7Tc.
showing that the increase of anisotropy between space and time prevents the phase transition. This is due to the fact
that as the dynamical critical exponent z increases, the effective mass of the scalar field increases near the horizon.
Also, for fixed value of z, the critical temperature decrease with increasing b.
We also numerically investigated the optical properties of (2+1) and (3+1)-dimensional Lifshitz-dilaton holographic
superconductors. We observed that in case of (2 + 1)-dimensions and z = 1, the real part of permittivity Re[ǫ] is
negative as ω decreases. This implies that in low frequency region, the superconductor exhibit metamaterial property.
This behavior is independent of the nonlinear parameter b and can be seen for both linear case (b = 0) and nonlinear
case (b 6= 0). We find that the imaginary part of permittivity Im[ǫ] is positive for all frequencies and has a pole
as ω → 0. Besides, for (3 + 1)-dimensional Lifshitz-dilaton holographic superconductors, we observed metamaterial
behavior neither in the presence of linear nor nonlinear electrodynamics.
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